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Introduction
Supersymmetry (SUSY) has its origins in Quantum Field Theory. It is usually associated with High Energy Physics, especially with SUGRA, where the fermionic fields correspond to physical quantities, the mathematical incarnation of a (as yet, hypothetical) fundamental phenomenon. However, beyond this fascinating and deep theory, and its independent mathematical interest, SUSY also has applications in quite different areas of physics, notably, in Condensed Matter.
Here, the generators of supersymmetry do not correspond to physical quantities. Rather, they appear as effective symmetries of models for low-temperature limits of the fundamental Quantum Field Theory. This idea goes under the name of the Supersymmetry Method, and was developed, by Efetov and Wegner [9] .
Its particular merit is the possibility to derive, by the use of Harmonic Analysis on certain symmetric superspaces, precise closed form expressions for statistical quantities-such as the moments of the conductance of a metal with impurities [29, 30] -in a regime where the system becomes critical, for instance, exhibiting a transition from localisation to diffusion, which is not tractable by other methods.
In connection with the physics of thin wires, the subject was well studied in the 1990s; it has recently gained substantial new interest, since the 'symmetry classes' investigated in this context [31, 4, 14] have been found to occur as 'edge modes' of certain 2D systems dubbed 'topological insulators' (resp. superconductors) [12] .
Mathematically, several aspects of the method beg justification. One both subtle and salient point is the transformation of certain integrals over flat superspace in high dimension N → ∞, which occur as expressions for statistical Green's functions, into integrals over a curved superspace of fixed rank and dimension-the latter being more amenable to asymptotic analysis (by steepest descent or stationary phase). Traditionally, this step is performed by the use of the so-called Hubbard-Stratonovich transformation, which is based on a careful deformation of the integration contour.
This poses severe analytical problems, which to the present day have only been overcome in cases derived from random matrix ensembles that follow the normal distribution [15] . To extend the Supersymmetry Method's range beyond Gaussian disorder, for instance to establish universality for invariant random matrix ensembles, a complementary tool was introduced, based on ideas of Fyodorov [13] : the Superbosonisation Identity proved by Littelmann-Sommers-Zirnbauer in their seminal paper [21] .
We now proceed to describe this identity. In general, it holds in the context of unitary, orthogonal, and unitary-symplectic symmetry. We restrict ourselves to the first case (of unitary symmetry), although our methods carry over to the other cases.
One considers the space W := C p|q×p|q of square super-matrices and a certain subsupermanifold Ω of purely even codimension, whose underlying (Riemannian symmetric) manifold Ω 0 is the product of the positive Hermitian p × p matrices with the unitary q × q matrices. Let f be a superfunction defined and holomorphic on the tube domain based on Herm + (p) × Herm(q). The superbosonisation identity states (1.1)ˆC p|q×n ⊕C n×p|q |Dv| f (Q(v)) = CˆΩ|Dy| Ber(y) n f (y), for some finite positive constant C, provided f has sufficient decay at infinity along the manifold Ω 0 . Here, Q is the quadratic map Q(v) = vv * , |Dv| is the flat Berezinian density, and |Dy| is a Berezinian density on Ω, invariant under a certain natural transitive supergroup action we will specify below.
Remark that any GL(n, C)-invariant superfunction on C p|q×n ⊕ C n×p|q may be written in the form f (Q(v)). A notable feature of the formula is thus that it puts the 'hidden supersymmetries' (from GL(p|q, C)) into evidence through the invariant integral over the homogeneous superspace Ω, where 'manifest symmetries' (from GL(n, C)) enter via some character (namely, Ber(y) n ). A remarkable special case occurs when p = 0. Then Equation (1.1) reduces tô
|Dv| f (Q(v)) = CˆU (q) |Dy| det(y)
−n f (y), which is known as the Bosonisation Identity in physics. Notice that the left-hand side is a purely fermionic Berezin integral, whereas the right-hand side is purely bosonic. Formally, it turns fermions ψψ into bosons e iϕ . If in addition q = 1, we obtain the Cauchy Integral Formula.
At the other extreme, if q = 0, then Ω = Herm + (p), and Equation (1.1) is a classical identity due to Ingham and Siegel [18, 26] , well-known to harmonic analysts. It admits a far-reaching generalisation in the framework of Euclidean Jordan algebras [11] . The first one to use it in the physics context that inspired superbosonisation was Fyodorov [13] . Moreover, the right-hand side of the identity, viz.
is the so-called (unweighted) Riesz distribution. After suitable renormalisation, it becomes analytic in the parameter n, a fact that was exploited in the analytic continuation of holomorphic discrete series representations by Rossi-Vergne [24] . See also Ref. [10] .
This observation links the identity to equivariant geometry and Lie theoretic Representation Theory, and this was our motivation to re-investigate the identity. In this survey, we explain two new proofs of the superbosonisation identity, which exploit these newly found connections. One of these proofs is based on Representation Theory. Namely, as it turns out, the two sides of the identity are given by certain special relatively invariant functionals on two highest weight modules of the Lie superalgebra g ′ := gl(2p|2q, C), which are infinite dimensional for p > 0.
Their equality is an immediate consequence of a multiplicity one statement. We will explain the main ingredients of the proof; details shall be published elsewhere.
On the other hand, to actually identify the r.h.s. as a functional on the corresponding representation requires the construction of an intertwining operator in the form of a certain weighted Laplace transform L n . This leads to another proof, based on comparing Laplace transforms. The functional analytic details of this proof can be found in Ref. [3] . Here, we only explain the main ideas.
Combining both points leads to further developments. Indeed, the representations related to the superbosonisation identity depend on a parameter n p. Using functional equations, one may show that the r.h.s. is analytic as a distributionvalued function of n. In a forthcoming paper, we shall use this fact to investigate the analytic continuation of the representations.
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In what follows, we use the terminology of supergeometry freely. For the reader's convenience, some basics are summarised in an Appendix.
The superbosonisation module
In this section, we define, by the use of Howe duality, a particular supermodule, which will turn out to be intimately related to the superbosonisation identity.
2.1. The oscillator representation. We begin by reviewing some standard material on the Weyl-Clifford algebra in a form well suited for our purposes. Consider V := U ⊕ U ′ where
and Hom(·, ·) denotes the set of all linear maps with its usual Z/2Z grading. Then
where a, b ∈ V and f, g ∈ V * are homogeneous. The trace form on End(C n ) and the supertrace form on End(C p|q ), respectively, allow us to identify
In these terms, s((u, ϕ, γ, x), (v, ψ, δ, y)) can be rewritten as
for homogeneous (u, ϕ), (v, ψ) ∈ V and (γ, x), (δ, y) ∈ V * . Let h V be the central extension of the Abelian Lie superalgebra V ⊕ V * by C1 that is determined by s. Its non-zero bracket relations are
where 1 ∈ h V ⊆ U(h V ) and 1 ∈ U(h V ) is the unit of the universal enveloping algebra.
Canonical spo subalgebra. The Weyl-Clifford algebra inherits an ascending filtration WCl n (V ) from the tensor algebra (V ⊕ V * ). The PBW theorem implies that gr WCl(V ) = S(V ⊕ V * ), the supersymmetric algebra of V ⊕ V * . Conversely, WCl(V ) inherits a canonical augmentation from U(h V ); moreover, the kernel of the canonical map (V ⊕ V * ) → WCl(V ) is generated by quadratic relations without linear term, and it follows that there is a canonical splitting of the map WCl(V ) → S(V ⊕ V * ) in degree two, the image of which we denote by s. Explicitly, for a, b ∈ V ⊕ V * , the quadratic element ab ∈ S 2 (V ⊕ V * ) is embedded into WCl(V ) as 
is an s-module. In fact, this sets up an isomorphism s ∼ = spo(V ⊕ V * ), where the latter is the Lie subsuperalgebra of gl(V ⊕ V * ) consisting of those endomorphisms that leave the form s infinitesimally invariant.
That is, X and Y are maximal isotropic subspaces. The Weyl-Clifford algebra WCl(V ) has a module
called the oscillator (or spinor ) representation. Here, C is understood to be the module of the Abelian Lie subsuperalgebra V ⊕ C1 ⊆ h V on which 1 acts as the identity and X acts by zero.
We have S X ∼ = S(Y ) = C[X] as modules over the Abelian Lie subsuperalgebra Y of h V , where the action of y ∈ Y on f ∈ C[X] is defined by left multiplication:
Here, we consider Y ⊆ C[X] by defining y(x) := s(y, x) for all y ∈ Y , x ∈ X. By our definition of s, this recovers the usual meaning of v * (v) for X = V , Y = V * . In these terms, 1 acts as the identity, and x ∈ X acts by the unique superderivation of the algebra C[X] that is defined on degree one elements
Since any f ∈ C[X] that is annihilated by all ∂ x is necessarily constant, the maximal proper submodule of S X is zero, and S X is a simple module over WCl(V ). Since s is a Lie subsuperalgebra of WCl(V ), S X is also an s-module. The isomorphism class of S X as a WCl(V )-module does not depend on the choice of the polarisation. For the particular choice X := V , Y := V * , we have
However, we will need to allow for other choices of polarisation, in to order to accommodate the action of real forms of s or its subalgebras.
2.
2. An application of Howe duality. Let G C := GL(n, C) be the complexification of the unitary group G = U(n). Define an action of G C on V by
for g ∈ G C , (u, ϕ) ∈ V ; on V * , we have the contragredient G C -action. The induced action of G C on V ⊕ V * is faithful and preserves the form s; hence, it realises the Lie algebra g of G C as a subalgebra of s.
Let g ′ := z s (g) be the centraliser of g in s. Then g ′ ∼ = gl(2p|2q, C) and z s (g ′ ) = g. In other words, (g, g ′ ) form a dual pair, see Ref. [17] . This is a special case of the following simple lemma (cf. Ref. [17] ), which we apply with A = C n , B = C 2p|2q and the isomorphism
of super-symplectic vector spaces. Explicitly, the action of g ′ = gl(2p|2q, C) on V ⊕ V * -determining its embedding into s-is given as follows. For Y ∈ g ′ decomposed as
the action Y of V ⊕ V * is induced by the isomorphism Ψ given by the matrix
where L and R, respectively, denote left and right multiplication. Howe's celebrated duality [17, Theorem 8] , leads to the following conclusion:
formed by the G Cinvariant superpolynomials is simple.
Short Z-gradings. In order to identify the representation considered in Proposition 2.2in terms of highest weights, we introduce a triangular decomposition of s = S 2 (V ⊕ V * ). Define
This defines a Z-grading of s, i.e. s ± are Abelian Lie subsuperalgebras, normalised by the Lie subsuperalgebra s 0 , and [s
Indeed, s 0 is the subalgebra of s that leaves the summands V and V * of V ⊕ V * invariant. Similarly, s + (resp. s − ) annihilates V (resp. V * ) and maps V * to V (resp. V * to V). The triangular decomposition can be written in matrix form as:
We observe that g ⊆ s 0 , so that it preserves the decomposition. Hence, g ′ inherits a triangular decomposition
(2.5)
where k j , j = 1, 2, denote the two copies of gl(p|q, C) in k. Both of p ± = g ′ ± are the Abelian Lie superalgebra isomorphic to gl(p|q, C) as a super-vector space. The subalgebra k can also be characterised as largest subalgebra of g ′ = gl(2p|2q, C) that preserves the decomposition of V as U ⊕ U ′ , cf. Ref. [17] .
Highest weight for the Borel subalgebra adapted to the grading. From the definitions, we see that the constants C1 ⊆ C[V ] are annihilated by s + and left invariant as a subspace by the action of s 0 . We have the following result.
is given as the restriction to a Cartan subalgebra of the k-character λ defined by the formula
Since g ′ inherits the grading, it suffices to compute the k-action. To that end, we realise g ′ inside WCl(V ). By definition,
so define two copies of homogeneous bases (x a ), (y a ) for the copies of C p|q in U and U ′ * (resp.), with dual bases (x a ), (y a ). Also, let (e b ) and (e b ) be dual bases of C n and (C n ) * respectively. A basis for g ′ is given by
following the decomposition in Equation (2.
2). One can see that E
A ij is mapped to
which acts in the oscillator representation by the operator
where |i| is the parity of x i and δ ij is the Kronecker delta. The calculation of
is completely analogous. Highest weight for the standard Borel. In order to determine the highest weight for the standard Borel subsuperalgebra, let us be more explicit. We take h to be the Cartan subalgebra defined as the span of E A aa , 1 a p+ q and E
where we agree to write
Let b ⊆ g ′ be the Borel subsuperalgebra determined uniquely by b ∩ k being the direct product of the standard Borels for k j , j = 1, 2, and b ∩ (p
Then b is contained in the parabolic subalgebra k ⊕ p + , and its Dynkin diagram is:
It is obtained from the standard Borel b st by the application of R max(p,q) · · · R 1 , where R i is the chain of odd reflections given by
where
These products are ordered such that factors corresponding to smaller values of k occur farther to the right. We have
so λ, δ i − ε j = 0 for i > p and j q. Hence, λ| h is also the highest weight of
G C with respect to the standard Borel b st [7] , and
By standard facts [7] , this proves the following statement.
G C of highest weight λ has finite dimension if and only if p = 0.
Note that the highest weight λ| h is integral or half-integral, depending on whether n is even or odd. Moreover, L(λ) is atypical whenever pq > 0.
A relatively invariant functional
In this section, we show how to realise the left hand side of the superbosonisation identity as a relatively invariant functional on a globalisation of L(λ).
3.1. Globalisation of the oscillator representation. In order to globalise the oscillator representation C[V ], we need to consider real forms. We shall use the following concept, cf. Refs. [8, 5] . Definition 3.1. A real Z/2Z graded vector space U = U0⊕U1 with a fixed complex structure on U1 will be called a cs vector space. Given a complex super-vector space W , we call a cs vector subspace U a cs form of W if W0 = U0 ⊕ iU0 and W1 = U1.
We introduce a cs form V R of V by positing
where L * denotes the conjugate transpose of the matrix L. Dually, we consider the cs form of V * defined by
Then s is real and non-degenerate on X0 ⊕ Y0 = V R,0 ⊕ V * R,0 , and in fact, this is a totally real polarisation of V0 ⊕ V * 0 .
, where we take the Lebesgue measure on V R,0 induced by the Euclidean form tr(LL * ). Consider the Heisenberg group H 0 , i.e. the connected and simply connected real Lie group with Lie algebra (V R,0 × V * R,0 × iR) ∩ h V0 . The defining bracket relations of the latter are given by
. The Schrödinger model of the oscillator representation of H 0 on F 0 defines a representation of the real symplectic Lie algebra sp(X0 ⊕ Y0, R), which integrates to a unitary representation of the double cover Mp := Mp(X0 ⊕ Y0, R) of the real symplectic group Sp := Sp(X0 ⊕ Y0, R) [27, 23] .
LetŨ 0 be the lift to Mp of the maximal compact subgroup of Sp. That is, we haveŨ 0 = U(np) × U(1) U(1), the √ det double cover of U(np). We consider S X0 , the formal power series ring on X0, and the Gaussian
The action of h V0 extends to this space. Then Γ 0 is annihilated by the action of X0 ⊆ h V0 , where X0 ⊕ Y0 is the totally complex polarisation of
Thus, we have that 
form a complex polarisation of V1 ⊕ V * 1 . Since Γ 1 is invertible, we have
and as an h V1 -module, it is isomorphic to S X1 = C[X1].
Full graded picture. Let X := X0 ⊕ X1 and observe that X0 ⊕ X1 = V R . Then by [23, Lemma 5 .4], we have that
as a h V -module, where
C the complex Lie group the Lie algebra exponentiates to in the Clifford algebra WCl(V1) (i.e. the the complex spin group Sp(nq, C), the simply connected double cover of SO(nq, C)).
3.2. Action on Schwartz superfunctions. Recall the terminology summarised in the Appendix. We consider V R as a cs manifold, namely, the cs affine superspace associated with the cs vector space V R .
We define
is the Schwartz space of V R,0 . We find that
Since the leftmost of these is the space ofŨ 0 ×Ũ It has a unique continuous extension to S (V R ).
As s-modules, S V = C[V ] and S X = C[X] are isomorphic. Since both Γ and U, U ′ , U * , U ′ * are G C -invariant, we see that as g ′ -modules, we have
Thus, the latter is a copy of
Since |Dv| is invariant under the compact group G, it is determined by its restriction to S (V R ) G , which is determined by its values on
. In particular, the latter restriction is non-zero. Computing on compactly supported superfunctions Γ c (O V R ) ⊆ S (V R ), the following proposition readily follows. 
The Riesz superdistribution
In this section, we introduce a certain quadratic morphism Q, which pushes the Berezin integration functional |Dv| forward to a superdistribution on (an integration cycle in) End(C p|q ). Moreover, we define the Riesz superdistribution R n and show in two different ways that it equals the pushforward of |Dv|.
4.1.
The super-Grassmannian and the integration cycle Ω. Consider the complex super-Grassmannian Y := Gr p|q,2p|2q (C). Following Ref. [22] with minor modifications, it is given as follows: Given a subset I ⊆ 2p|2q of p|q homogeneous indices, let U I be the superdomain with S-valued points (4.1)
where I indexes the p|q rows containing the identity matrix and K indexes the other p|q rows, which make up the matrix Z I . In other words, U I = C p|q×p|q , with generic point given by taking S to be C p|q×p|q in the above definition, and Z I to be the matrix standard coordinate superfunctions.
Given another set J of p|q indices, let B JI be the p|q × p|q submatrix of R I formed by the rows indexed by J. Then U IJ is defined to be the maximal open subdomain of U I on which B IJ is invertible. The equation
expresses the entries of Z J as rational functions of the entries of Z I , and defines an automorphism of the complex supermanifold U IJ . Then Y = Gr p|q,2p|2q (C) is defined to be the complex supermanifold obtained by gluing these data. We identify W := C p|q×p|q with the standard affine open patch U I0 , I 0 = {p + 1, . . . , 2p|q + 1, . . . , 2q}.
If S is a complex superdomain, then the set of S-valued points in Gr p|q,2p|2q (C) is the set of equivalence classes [x] of even 2p|2q × p|q matrices x with entries in
2p|2q×2p|2q ·x is projective of rank p|q; the equivalence relation identifies x with y if and only if the corresponding maps of right multiplication by these matrices have the same kernel.
Supergroup actions. Consider the complex Lie supergroup G ′ C := GL(2p|2q, C) whose Lie superalgebra is g ′ . In the sequel we will write g ∈ S G ′ C (for any cs manifold S) in the form Then for o 0 ∈ W ⊆ Y , the isotropy subsupergroup is
which intersects trivially with P + . In particular, P + acts simply transitively on W .
We define a cs form H of K C by specifying the real form H 0 ⊆ K C,0 to be GL(p, C) × U(q), embedded into K C,0 as the set of all matrices of the form
Since H is a closed subsupergroup of K C,cs , the orbit Ω := H.o 1 , where o 1 is the identity matrix in W , is a closed cs submanifold of W cs . The isotropy supergroup H o is the intersection (fibre product) of the diagonal subsupergroup GL(p|q, C) cs with H. In particular, we have
embedded diagonally into H, and
4.2. The Q morphism. We let a quadratic map Q : V → W be defined as
It is clearly G C -invariant, cf. Equation (2.3). It gives rise to a corresponding morphism of complex supermanifolds. Moreover, defining a cs form W R of W by setting
one readily sees that Q descends to a morphism V R → W R of cs manifolds. The following is fairly straightforward.
Proposition 4.1. The pullback along the morphism Q induces a continuous linear map
, it is sufficient for f ∈ Γ(O W R ) to have rapid decay at infinity along Herm + (p), i.e.
for all w ∈ Herm(q), N ∈ N, and D ∈ S(W ). Here, Df denotes the natural action of S(W ) by constant coefficient differential operators. In particular, Q # (|Dv|), defined by
is a continuous linear functional on S (W R ) with support in Herm + (p). Thus, it extends to a continuous functional on the space of all superfunctions f ∈ Γ(O W R ) with rapid decay along Herm + (p).
Moreover, note that we have
since the G C -invariants of C[V R ] are generated in degree two, cf. Ref. [21] .
There is an action of a suitable twofold coverH of the cs form H of K C on the space S (V R ). Explicitly, it can be written for anyh
Under the pullback Q ♯ , this corresponds to the twisted action · λ ofH on S (W R ),
The untwisted action of H is defined to be
The subspaces C[V R ]Γ and C[W R ]e − str /2 are invariant for the induced k-action.
Statement of the theorem.
In what follows, recall the facts on Berezin integration summarised in the Appendix. The homogeneous cs manifold Ω = H.o 1 = H/H o1 is a locally closed cs submanifold of W cs . It admits a non-zero H-invariant Berezinian density |Dy| [2] .
Explicitly, it is given as follows. Observe that Ω has purely even codimension in W cs . Thus, we have a canonical splitting Ω ∼ = Ω 0 × W1, defining a retraction r of Ω, which we call standard. Moreover, the standard coordinates of W cs , viz.
restrict to superfunctions z ij , w kℓ , ζ iℓ , ω kj on Ω. For any local system (x a ) of coordinates on Ω 0 , (r ♯ (x a ), ζ, ω) is a local system of coordinates on Ω. In particular, D(ζ, ω) is a well-defined relative Berezinian (density) on Ω over Ω 0 , with respect to the standard retraction. Denote by |dz| the Lebesgue density on Herm(p), and by |dw| the normalised invariant density on U(q). We set
Then |Dy| is the up to constants unique invariant Berezinian density on Ω [3] .
Riesz superdistribution. When n p, define the functional T n , called the Riesz superdistribution, by
for any entire superfunction f ∈ Γ(O W ), which satisfies Paley-Wiener type estimates along the tube T 0 := Herm
for any D ∈ S(W ), N ∈ N, w ∈ C q×q , and some R > 0. The integral is taken with respect to the standard retraction, and its convergence is proved in Ref. [3] .
Our terminology is explained by the fact that for q = 0, T n coincides with the unweighted Riesz distribution for the parameter n, see Ref. [11] . Using the super Laplace transform and some Functional Analysis, one proves the following [3] . Conical superfunctions and Gindikin Γ function. To state the superbosonisation identity, we introduce the following set of rational superfunctions on W . For any Z = (Z ij ) ∈ S W = gl(p|q, C) and 1 k p + q, we consider the kth principal minor [Z] k of Z, viz.
[ These functions are called conical superfunctions. They are characterised as the unique rational superfunctions that are eigenfunctions of a suitable Borel [3] . Fix a superfunction f ∈ Γ(O Ω ) and x ∈ S W cs . Whenever the integral converges, we define the Laplace transform of f at x by L (f )(x) :=ˆΩ |Dy| e − str(xy) f (y),
where we write |Dy| for the invariant Berezinian µ on Ω. All integrals will be taken with respect to the standard retraction on Ω. In particular, provided the integral exists, we define
and call this the Gindikin Γ function of Ω. The following is proved in Ref. [3] . 
converges absolutely if and only if m j > j − 1 for j = 1, . . . , p. In this case, Γ Ω (m) exists, and we have
In fact, the function Γ Ω (m) can be determined explicitly, as follows, cf. Ref. [3] .
Theorem 4.4. Let m j > j − 1 for all j = 1, . . . , p. We have
In particular, Γ Ω (m) extends uniquely as a meromorphic function of m ∈ C p+q , which has neither zeros nor poles provided that
Superbosonisation identity. We are finally in a position to state the superbosonisation identity. To that end, denote for n p:
and let R n := Γ Ω (n) −1 T n be the normalised Riesz superdistribution. Then we have the following theorem [3, 21] . 
Explicitly, for any holomorphic superfunction f on the open subspace of W whose underlying open set is T 0 + C q×q , , satisfying the estimate in Equation (4.8) for some R > 0 and any D ∈ S(W ), w ∈ C q×q , and N ∈ N, we havê
In particular, this applies to any f in the space C[W R ]e − str /2 from Equation (4.5).
Proofs of the superbosonisation identity
We end this survey by explaining two proofs of the superbosonisation identity. The first proof, which we only sketch briefly, makes heavy use of Functional Analysis to reduce everything to a trivial computation. The second proof equates the Riesz superdistribution R n to a relatively invariant functional on a suitable representation of g ′ and uses some basic representation theory to prove the identity. 
where ⊗ denotes the completed tensor product (w.r.t. the injective or, equivalently, the projective tensor product topology).
Let z = x + iy ∈ S W cs where y ∈ S W R and x ∈ S γ • S (µ) (this does not determine x, y uniquely). Then we define the Laplace transform of µ by
where F denotes the Fourier transform. This definition makes sense, since by a straightforward extension of Schwartz's classical theory of the Laplace transform, we have e − str(x·) µ ∈ Γ(O S ) ⊗S (W R ), and hence the Fourier transform (w.r.t. W R ) is contained in the same space. The following is a special case of results from Ref. [3] .
We can now finally give an account of the functional analytic proof of the superbosonisation identity.
Proof of Theorem 4.5, analytic version. Let T ⊆ W be the open subspace whose underlying open set is T 0 + C q×q , where we recall that T 0 := Herm + (p) + i Herm(p). For any z ∈ S T such that all principal minors of z are invertible, we have
in view of Proposition 4.3. On the other hand, computing Gaussian Berezin integrals over affine superspace gives
thereby proving the theorem.
Note that in the above sketch of the proof, we have omitted one non-trivial technical detail (stated above, in Proposition 4.2), namely, the argument that shows that T n indeed extends as a continuous functional on S (W R ). In Ref. [3] , this is achieved by discussing the domain in which the Laplace transform of a functional on the Paley-Wiener space is holomorphic. This reduces the proof of the temperedness of T n to a careful convergence discussion of the integral defining its Laplace transform.
5.2. Representation theoretic proof. We end our survey by an account of a representation theoretic proof of the superbosonisation identity. Let G ′ be the cs form G ′ C with underlying Lie group
Here, we follow the conventions of Equation (4.2).
Line bundle. The k-character 2λ integrates to a character χ 2λ of K C , namely
Extending χ 2λ trivially to K C P − , we may define a holomorphic line bundle on the complex homogeneous superspace G
We will also consider its restriction to D := G ′ .o 0 , where o 0 ∈ W 0 is the zero matrix. Observe that the underlying space of D is
the direct product of the set of p × p complex matrices of operator norm less than one and the Grassmannian of complex q-planes in 2q-space.
Then G ′ C naturally acts on sections of L 2λ , and G ′ acts on sections of L 2λ | D . Denote the latter action by π 2λ .
On general grounds, the cocycle defining L 2λ is χ 2λ (s 
Highest weight section. We construct a global section |0 of the line bundle L 2λ as follows: In the trivialisation on U I given by s I , it is defined by
It is not difficult to see that this indeed defines a global section of L 2λ , which on the standard affine patch W = U I0 is just the constant function 1. Let Z ∈ S D ∩ W and g ∈ S G ′ be such that g · Z ∈ S D ∩ W , i.e. the action remains in the affine patch. Then the action of g on a section f of L 2λ | D can be expressed at Z by
This follows immediately from the relation
Since holomorphic sections of L 2λ are determined by their restriction to W = U I0 , one computes that |0 is fixed by the action of P − and transforms under K C by the character χ 2λ . Therefore, there is a g ′ -equivariant map
from the parabolic Verma module of highest weight 2λ, which maps the highest weight vector to |0 .
Construction of an intertwiner. We define the weighted Laplace transform L n by
whenever this makes sense. For h ∈ S H, we have
where h · f denotes the untwisted H-action introduced in Equation (4.7). The Cayley transform is γ(Z) := (1 + Z)(1 − Z) −1 , and the weighted Cayley transform γ n is defined by
when this is well-defined. For the diagonal subsupergroup K
More generally, we have
for m ∈ Z p+q with m j > j − 1 for j = 1, . . . , p. Here, m + n := (m 1 + n, . . . ) and 
where m runs over all multi-indices satisfying the assumptions of Equation (5.3),
and with respect to the standard Borel, L p|q (µ m ) is the simple finite-dimensional gl(p|q, C)-module of highest weight
By Equations (5.1) and (5.2), and
− str /2 onto its image. We can now give a proof of the superbosonisation identity (i.e. Theorem 4.5) by Representation Theory.
Proof of Theorem 4.5, representation theoretic version. We consider the untwisted k-action on C[W R ]e − str /2 . By the invariance of |Dy|, the restriction of R n defines an element of Hom k (C[W R ]e − str /2 , C −2λ ). Since
is a surjective k-equivariant map, we obtain an injection
by left exactness of the hom functor Hom k (·, ·). The latter of these hom spaces is
, after Cayley transformation, we obtain a parabolic of g ′ whose nilradical annihilates L n (e − str /2 ). In particular, the dimension of Hom k (C[W R ]e − str /2 , C −2λ ) is at most one, and it is spanned by both Q ♯ (|Dv|) and R n . Computing constants, the claim follows.
subspaces of some complex resp. cs affine superspace V , where V may vary. Then X is called a complex supermanifold resp. a cs manifold.
Complex supermanifolds and cs manifolds form full subcategories of the category of C-superspaces that admit finite products. The assignment sending the complex affine superspace V to the cs affine superspace obtained by forgetting the complex structure on V0 extends to a product-preserving cs-ification functor from complex supermanifolds to cs manifolds; the cs-ification of X is denoted by X cs .
This point of view is also espoused by Witten in recent work [28] .
Supergroups and supergroup pairs. We give some basic definitions on supergroups. Details can be found in [22, 8, 6] . Definition 5.6. A complex Lie supergroup (resp. a cs Lie supergroup) is a group object in the category of complex supermanifolds (resp. cs manifolds). A morphism of (complex or cs) Lie supergroups is a morphism of group objects in the category of complex supermanifolds (resp. cs manifolds). The cs-ification functor maps complex Lie supergroups to cs Lie supergroups and morphisms of complex Lie supergroups to morphisms of cs Lie supergroups. Definition 5.7. A complex (resp. cs) supergroup pair (g, G 0 ) is given by a complex (resp. real) Lie group G 0 and a complex Lie superalgebra g, together with a morphism Ad : G 0 → Aut(g) of complex (resp. real) Lie groups such that g0 is the Lie algebra of G 0 (resp. its complexification), Ad extends the adjoint action of G 0 on g0, and [·, ·] extends d Ad. A morphism of supergroup pairs (dφ, φ 0 ) consists of a morphism φ 0 of complex (resp. real) Lie groups and a morphism dφ of Lie superalgebras that is φ 0 -equivariant for the Ad-actions, such that dφ extends d(φ 0 ).
The following is well-known, cf. Refs. [19, 20, 6] .
Proposition 5.8. There is an equivalence of the categories of complex (resp. cs) Lie supergroups and of complex (resp. cs) supergroup pairs. It maps any Lie supergroup to the pair consisting of its Lie superalgebra and its underlying Lie group. Definition 5.9. A closed embedding of (complex resp. cs) Lie supergroups is called a closed (complex resp. cs) subsupergroup. A closed supergroup subpair (h, H 0 ) ⊆ (g, G 0 ) consists of a Lie subsuperalgebra h ⊆ g and a closed subgroup H 0 ⊆ G 0 , such that (h, H 0 ) is a supergroup pair. Given a complex Lie supergroup G, a cs form of G is a closed subsupergroup H of G cs such that in the supergroup pairs (h, H 0 ) and (g, G 0 ) of H resp. G, one has h = g. In this case, H 0 is a real form of G 0 .
If G is a complex Lie supergroup with associated supergroup pair (g, G 0 ), then (g, H 0 ), for a closed subgroup H 0 ⊆ G 0 , is the supergroup pair of a cs form of G if and only if H 0 is a real form of G 0 , or equivalently, if (g, H 0 ) is a cs supergroup pair. To define a cs form H of G, it thus suffices to specify a real form H 0 ⊆ G 0 .
Points. If C is any category, and X is an object of C, then an S-valued point (where S is another object of C) is defined to be a morphism x : S → X. One may view this as a 'parametrised' point. Suggestively, one writes x ∈ S X in this case, and denotes the set of all x ∈ S X by X(S).
For any morphism f : X → Y , one may define a set-map f S : X(S) → Y (S) by f S (x) := f (x) := f • x ∈ S Y, x ∈ S X.
Clearly, the values f (x) completely determine f , as can be seen by evaluating at the generic point x = id X ∈ X X.
In fact, more is true. The following statement is known as Yoneda's Lemma: Given a collection of set-maps f S : X(S) → Y (S), there exists a morphism f : X → Y such that f S (x) = f (x) for all x ∈ S X if and only if f T (x(t)) = f S (x)(t), t : T → S.
The points x(t) are called specialisations of x, so the condition states that the collection (f S ) is invariant under specialisation.
The above facts are usually stated in the following more abstract form: For any object X, X(−) : C op → Sets is a set-valued functor, and the set of natural transformations X(−) → Y (−) is naturally bijective to the set of morphisms X → Y . Thus, the Yoneda embedding X → X(−) from C to [C op , Sets], is fully faithful. The Yoneda embedding preserves products, so if C admits finite products, it induces a fully faithful embedding of the category of group objects in C into the category [C op , Grp] of group-valued functors. In other words, we have the following: Let X be an object in C. Then X is a group object if and only if for any S, X(S) admits a group law that is invariant under specialisation.
Berezin integrals. Let X be a cs manifold and Ber X to the Berezinian sheaf. The sheaf of Berezinian densities |Ber| X is the twist by the orientation sheaf. Given local coordinates ( which is an ordinary density on X 0 . This quantity only depends on r, and not on the choice of an adapted system of coordinates. If the resulting density is absolutely integrable on X 0 , then we say that ω is absolutely integrable with respect to r, and definê Unless supp ω is compact, this quantity and its existence depend heavily on r.
